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Analytic solution

A formal solution of (10) is V=(U'U)"?, and R=VU"},
but this leaves the signs of the square roots undefined and
fails when U is singular. (U’ is the transpose of U)

More generally consider the matrices U'U and UU".
They are both symmetric and positive definite. Also the
diagonal sums of (U’U)" and (UU’)" are the same, and it
can be shown that both matrices have the same eigenvalues.
Therefore orthogonal matrices H, K exist, with determinant
+ 1, such that

UU'=H"'D*H, UU=K"'DK (16)
where D? is a diagonal matrix with positive elements.
The matrix
M=HUK"! an
has the property that
MM’ =M'M=D? (18)

and commutes with D2 Hence, if D* is nondegenerate, M
is already diagonal. If D? is degenerate, with eigenvalues
D%, M and M’ are block-diagonal, each block being of the
form M,;=d,Q,, where d}=D?% and Q,Q;=1,. Thus Q,
is orthogonal, with determinant =+ 1. The matrix Q ‘M =d
is therefore diagonal, and

Vi=K~'Q'H)U=K~'dK 19
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is symmetric. However, the transformation Q derived by
this procedure may have determinant — 1, and the signs of
the elements d; may not maximize the diagonal sum of V.
To correct this we now construct a matrix P with al! its
diagonal elements =+ 1, such that Det PQ=1 and form the
diagonal matrix D=Pd, with D;= +d,. The correct solu-
tion is then

V=K ' PQ'H)U=K~'DK (20)

R=K"'PQ'H (21)
and

U=D1+D2+D3 .

This is unique unless U is a singular matrix of rank 1, for
the subspace belonging to the eigenvalue D} =0 is then of
dimension 2, and the rotation is undefined. This happens
when the atoms of either set lie on a line.
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The a priori optimization of diffractometer data to achieve the minimum average variance in the electron
density. By R. C. G. KILLEAN, Department of Physics, University of St. Andrews, St. Andrews, Scotland

(Received 7 October 1971 and in revised form 10 June 1972)

A discussion is given of the relationship between diffractometer data accuracy and the average variance of

the electron density.

A consideration of constant-count-per-refiexion diffractom-
eter experiments such as those performed, for example, by
the Siemens AED System, has led Killean (1967) to show
that to obtain data capable of yielding an R index of 0-10
the total number of counts per reflexion need not exceed
twenty-five, for low background reflexions, or one-hundred
and twenty-five counts for a peak to background ratio of
three to two. Clearly in view of these small counts no
problem exists in the high-speed collection of data required
only for stereochemical determination or conformation.
The collection of data becomes more time consuming when
the data is to be used for deductions requiring highly
accurate electron densities. This paper is concerned with
the mode of data collection likely to make the most effi-
cient use of the diffractometer time available.

The approach to the problem is entirely a priori and, as
such, represents a basic planning approach to single-crystal
diffractometry. It assumes low background counts and
consequently it is likely that a monochromator would be
used in the experiment. The separate, but related, attempts
of Hamilton (1967) and Shoemaker (1968) to optimize the
collection of data for least squares analysis are a posteriori

in that they require that the structure must have been solved
before the data can be optimally recollected with respect
to, for Hamilton’s treatment, the variance of one positional
or one thermal parameter and, for Shoemaker’s analysis,
a linear combination of the weights of the various param-
eters.

Cruickshank (1960) has summarized the requirements
that must be satisfied for an accurate structure determina-
tion. It is assumed in the following analysis that these
conditions are to be satisfied.

Cruickshank (1949) has derived an expression for the
variance on the electron density for centrosymmetric space
groups and Killean & Lawrence (196956) have modified his
approach to take account of random errors in the phase
angles of the structure factors for non-centrosymmetric
space groups. Essentially when the average variance in the
electron density is to be considered it is sufficient to use
Cruickshank’s form for PT

=1 (7)o )

where ¢%(h)=variance of the structure factor.
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Let

Ki(h)

Lp ¢(h)

assuming negligible background counts and where /(h) is
the total counts accumulated in time #(h). Define

1y

t(h) °

|[F(h)*=

R =

The variance of F(h) due to counting statistics is

2

oi(h)= _IFmE_ .
4R(h)¢(h)
It has been suggested (e.g. Grant, Killean & Lawrence,
1969; Killean & Lawrence, 1969a) that additional terms
must be added to this variance to give a satisfactory
weighting scheme for least-squares analysis but it is open
to question whether these terms represent mainly random
or mainly systematic errors in the data. The subsequent
analysis does not involve these terms since they are in-
dependent of #(h) and consequently their form is unim-
portant for a priori optimization. Let these terms be denoted
by A(h). The variance of the structure factor may be esti-
mated as

F(h))?
a’(h)=ci(h)+ Ath)= lei(l(l)—t)l(lﬁ + A(h) )
and
2,2 F(h)|?
o¥e)=}% (—,—,—) > {—4%(%)% +A(h)}. 3)

The measuring time for the diffractometer experiment,
ignoring circle setting time, is

T=J 1(h)

and the a priori optimal time for any #(h) is given by solving

dy

3@ 0

for #(h), where
w={(a%0))-MT~3 t(h)},

o (B E)

ie.
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The fraction of the experiment time to be spent on any

reflexion is
1 1/2
t(hy ('Lp’)
T T o
3 (i5)
and the time spent measuring each reflexion is independent
of the magnitude of the reflexion but depends on the geom-
etry of the diffractometer and the wavelength of the X-

radiation.
Define

%)

oo 2ol _

SIFmP - 4T 5 R ©

and, assuming that the random errors are due only to
counting statistics

SIFm)P? 2 (Llp)/}_

2y 5 KW @

In order to evaluate T for a given {c%(g)) it is necessary
to estimate the average variation of R(h) with (h) and the
height of the origin of the Patterson function (X[(F(h)?).

1 am grateful to the Science Research Council for support
of this work.
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On the diffraction enhancement of symmetry. Erratum. By Hitosui Iwasak1, The Institute of Physical and Chemical
Research, Rikagaku Kenkyusho, Wako-shi, Saitama 351, Japan

(Received 26 May 1972)

A correction is given to Iwasaki, H. (1972). Acta Cryst. A28, 253.

In a previous paper of the above title (Iwasaki, 1972),
equation (25) (p. 256) should read:

I(hkl)=I,(khl).
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